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Abstract
This paper concerns the hypersurface Bohm–Dirac model, i.e., the version of
Bohmian mechanics in a relativistic space-time proposed by Du¨rr et al. [1], which
assumes a preferred foliation of space-time into spacelike hypersurfaces (called the
time foliation) as given. We show that the leaves of the time foliation do not
have to be smooth manifolds but can be allowed to have kinks. More precisely,
we show that, also for leaves with kinks, the trajectories are still well defined and
the appropriate |ψ|2 distribution is still equivariant, so that the theory is still
empirically equivalent to standard quantum mechanics. This result applies to the
case where the time foliation is determined by the previously proposed law dn = 0,
since such a foliation generically has kinks.
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1 Introduction
For defining a version of Bohmian mechanics in a relativistic space-time, it seems neces-
sary to assume a preferred slicing of space-time into spacelike hypersurfaces (the “time
foliation” F ) [11, 2]. If a time foliation is granted, there is a natural and convincing
version of Bohmian mechanics for N particles, known as the hypersurface Bohm–Dirac
model (HBDM) [1], which is empirically equivalent to standard quantum mechanics (see
Section 2 for its definition). The set of configurations that are simultaneous with respect
to F is denoted by
C =
⋃
Σ∈F
ΣN . (1)
For the sake of simplicity and definiteness we assume that the particles are non-interacting;
introducing interaction does not change the situation in a relevant way, as elucidated
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in Remark 5 in Section 5 below. It is usually assumed that the hypersurfaces Σ ∈ F
(the “time leaves”) are smooth. In this paper, we are interested in how the HBDM fares
when the time leaves are not smooth but have kinks as in Figure 1 (while the wave
function is taken to be smooth). In the following, we will use words like “hypersurface”
and “foliation” in the sense that they do not have to be smooth but may involve kinks.
Figure 1: An example of a piece of a 2-dimensional surface-with-kinks in 3-dimensional
space.
The question we address is whether the HBDM still works for a time foliation with
kinks, and this means two things: (a) whether the trajectories are still well defined,
and (b) whether the appropriate |ψ|2 distribution is still equivariant (i.e., whether the
Bohmian evolution from one time leaf to another preserves |ψ|2).
The motivation for these questions comes from a law governing the time foliation
that one of us proposed [11]. According to this law, the foliation is determined by the
requirement that all points on a leaf have the same timelike distance (in terms of the
space-time metric) to a given “initial” hypersurface. (In other words, the “lapse func-
tion” is constant.) As we discuss elsewhere [6], the foliation thus defined will generically
have kinks, even if the initial hypersurface is smooth. The future-pointing unit normal
vector on the foliation is only defined outside the kinks. Denoting its components by
nµ, we have that
dn = 0 , (2)
where n = nµdx
µ is the one-form with components nµ, and d is the exterior derivative of
a differential form. In the following, we will simply call this law “dn = 0” even though
this equation is, strictly speaking, not fully equivalent to the law, since, in particular,
the equation does not apply at kinks.
In order to address the questions (a) and (b) above, it is useful to consider the
analogous questions in a wider class of dynamical laws including the HBDM, namely
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the class of random trajectory models (RTMs) defined by a probability current (see
Section 4). We assume that the time leaves are Cauchy (i.e., intersect every timelike
curve exactly once) and have only spacelike (and no lightlike) tangent vectors, including
the tangent vectors on both sides of a kink. With K the kink set (i.e., the set of points
in C where ΣN is not smooth), we will first show that if the condition
the current into K from one side = −the current into K from the other side (3)
is satisfied (see Eq. (15) for a detailed formulation), then the trajectories are typically
well defined and equivariance will hold. We will then show that this condition is always
satisfied for the HBDM. Thus, the HBDM works just as well in the case of foliations
with kinks. In contrast, we show that Slater’s law for photon trajectories [9] violates
the current condition (3) and thus is incompatible with any time foliation with kinks.
The most demanding result is to prove (3) for HBDM. The key fact is that the
probability current of HBDM can be expressed as a 3N -form on (space-time)N that
depends on ψ but not on F and thus is continuous on K.
We will give a full discussion of foliations defined by dn = 0 in [6]. As we show
there, they have further properties, besides being Cauchy, having only spacelike tangent
vectors, and having kinks, that we do not use here for the proof of equivariance: for
example, that the kink set is everywhere timelike (in the sense that its normal, at points
where it is defined, is spacelike), that kinks cannot disappear, and that, at any kink
point x ∈ Σ ∈ F , the rapidity (i.e., Lorentz-invariant angle) between Σ and the kink
set in space-time is equal on both sides. Also, isolated points of non-smoothness (such
as a conical tip) can form, but generically they do not stay isolated but grow (instantly)
into a kink. (And in case they do stay isolated, a Bohmian trajectory has probability
zero to ever run into such a point.)
2 Foliations with Kinks
Let us introduce some terminology. A stratified submanifold is a subset of a smooth
manifold that is the union of several disjoint (pieces of) smooth submanifolds of equal
dimension along with their common smooth boundaries. A submanifold-with-kinks is a
stratified submanifold such that only two manifolds have any codimension-1 boundary
in common. That is, Y-shaped pieces are allowed for stratified submanifolds but not
for submanifolds-with-kinks, and ∧-shaped pieces are allowed for submanifolds-with-
kinks but not for smooth submanifolds. As a consequence, submanifolds-with-kinks can
be approximated by smooth manifolds but generic stratified submanifolds cannot. A
typical example of a submanifold-with-kinks is shown in Figure 1. For any submanifold-
with-kinks S, the kink set K(S) is the set of those x ∈ S such that S is not a smooth
submanifold in any neighborhood of x. The kink set is a stratified submanifold with
dimK(S) = (dimS)−1. In particular, the kink set can have kinks as well, and three or
more kinks can meet in a corner; in fact, such corners usually occur for hypersurfaces
arising from dn = 0.
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Let M denote Minkowski space-time.1 A foliation-with-kinks F is a foliation
whose leaves are submanifolds-with-kinks. We take for granted about F that K(F ) =
∪Σ∈FK(Σ) is itself a stratified submanifold of dimension 3; see Figure 2 for an example.
This is the case for the law dn = 0.
Figure 2: An example of a foliationF of 1+1-dimensional space-time into hypersurfaces
with kinks (thin lines). Thick lines: the kink setK(F ), which is a stratified submanifold.
If F is smooth then C is a smooth submanifold of MN ; if F has kinks then C is a
submanifold-with-kinks of MN (compare to Figure 1). In both cases, C has dimension
3N + 1. We define
K(C ,F ) =
⋃
Σ∈F
K(ΣN) , (4)
where K(ΣN) is the kink set of ΣN , i.e.,
K(ΣN) =
N⋃
j=1
Σj−1 ×K(Σ)× ΣN−j . (5)
If N > 1, we have that K(C ,F ) = K(C ), i.e., the kink set of C , which is a 3N -
dimensional stratified submanifold of MN . If N = 1, C = M and K(C ) is empty, so
that K(C ,F ) = K(F ) 6= K(C ) in the case of a foliation with kinks.
1The considerations of this paper work as well in a curved space-time that is globally hyperbolic
(i.e., without space-time singularities or closed timelike curves).
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3 Definition of the Hypersurface Bohm–Dirac Model
The HBDM for N non-interacting particles [1] employs a multi-time wave function
ψ :MN → (C4)⊗N satisfying a Dirac equation for each particle,2
γµj
(
i~∂jµ + ejAjµ(xj)
)
ψ = mjψ , (6)
where ej and mj are charge and mass of the j-th particle, ψ = ψ(x1, . . . , xN), ∂jµ =
∂/∂xµj , and
γµj = I
⊗(j−1) ⊗ γµ ⊗ I⊗(N−j) (7)
with I the identity matrix and γµ the Dirac matrices.
Consider a smooth time foliation F and let nµ(x) denote its future unit normal
vector field. For j = 1, . . . , N , let Xµj (s) be any parameterization of the world line of
particle j. The world lines of the HBDM are everywhere timelike-or-lightlike. Since every
time leaf Σ ∈ F is a Cauchy hypersurface, every world line Xj(·) = Xµj (·) intersects
it exactly once, at s(Σ); we write Xj(Σ) for Xj(s(Σ)), and X(Σ) for the configuration(
X1(Σ), . . . , XN(Σ)
)
. The equation of motion reads
dXµj
ds
(s(Σ)) ∝
(
ψ
[
γµ1 ⊗ · · · ⊗ γµN ]ψ)(X(Σ)) δµµj ∏
k 6=j
nµk(Xk(Σ)) . (8)
The right-hand side is always timelike-or-lightlike.
Any Cauchy hypersurface Σ (not necessarily from F ) defines a 3N -dimensional
configuration space ΣN . By the “|ψ|2 distribution on ΣN” we mean the probability
distribution on ΣN that has density, relative to the measure d3x1 · · · d3xN with d3x the
invariant (Riemannian) volume measure on Σ,
ρΣ(x1, . . . , xN) =
(
ψ
[
γµ1 ⊗ · · · ⊗ γµN ]ψ)(x1, . . . , xN) N∏
k=1
nµk(xk) (9)
for any x1, . . . , xN ∈ Σ, where nµ(x) denotes the future unit normal vector to Σ at
x ∈ Σ.
The equivariance theorem asserts that if on some hypersurface Σ ∈ F the configura-
tion X(Σ) is random with |ψΣ|2 distribution, then the same is true for any other Σ ∈ F
(but not necessarily for Σ /∈ F ). This follows (but not immediately) from
∂jµj
(
ψ
[
γµ1 ⊗ · · · ⊗ γµN ]ψ) = 0 , (10)
which in turn is a consequence of the Dirac equation (6) [1, 10].
2If space-time is curved, then the wave function ψ is a cross section of the appropriate spin bundle
overMN , and ∂jµ in (6) needs to be replaced by a covariant derivative. The equivariance of the HBDM
in curved space-time was established in [10].
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4 Main Reasoning
It will be useful to think in terms of global coordinates on C ; by this we mean a
homeomorphism ϕ : C → R3N+1 that is a local diffeomorphism outside of K(C ,F ).
Furthermore, it will be convenient to choose ϕ in such a way that its time coordinate ϕ0
is constant on the hypersurfaces ΣN for Σ ∈ F . In fact, it will be convenient to obtain
ϕ from a curvilinear coordinate system ϕ˜ :M → R4 whose time coordinate is constant
on time leaves. Also ϕ˜ is a homeomorphism and a local diffeomorphism outside the kink
set K(F ). The coordinate system ϕ allows us to translate our questions to R3N+1.
4.1 Probability Current in Coordinate Space
First, ignore the kinks in F . One easily sees that, for a given ψ, the equation of motion
(8) defines a field of directions on C (and thus, by ϕ, on R3N+1), and that any N -tuple of
world lines satisfying (8) corresponds to an integral curve of that direction field. Define
the probability current vector field j = (j0, ~) on R3N+1 to be the vector field that has
just these directions, with
j0(ϕ(x1, . . . , xN)) =
N∏
j=1
√
− det(3g(xj)) ρΣ(x1, . . . , xN) (11)
for all x1, . . . , xN ∈ Σ, where 3g is the 3-metric on Σ in the ϕ˜ coordinates. The quantity
(11) is the density of the |ψΣ|2 distribution in the ϕ coordinates (relative to coordinate
volume). The properties of j are familiar from non-relativistic Bohmian mechanics: The
trajectories (t,X(t)) in R3N+1 satisfy
dX
dt
=
~
j0
(t,X(t)) (12)
and, by (10), the continuity equation
∂j0
∂t
= −
3N∑
k=1
∂jk
∂xk
(13)
holds, implying equivariance of j0, the probability density of X(t).
Now consider the kinks in F . The kinks have the effect that j is discontinuous at
the (coordinate image of the) kink set K = ϕ(K(C ,F )), the union of 3N -dimensional
hypersurfaces in R3N+1 with common boundaries. At any other point ϕ(x1, . . . , xN)
of R3N+1, j is smooth because ψ and ϕ are smooth at (x1, . . . , xn), and Σ ∈ F (and
thus nµ) is smooth at each of x1, . . . , xN . The discontinuity is, in fact, a finite jump;
more precisely, it is such that j has a limit on K from each side of K. That is because
the normal vector field nµ has a limit at a kink from each side, while ψ and ϕ are
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continuous.3 It will be convenient to call one side of K the left side and the other the
right side, even though there is, of course, no consistent rule for selecting one of the
sides as the left side, and even though naming the sides will only locally be possible, as
K need not be orientable. For (t, q) ∈ K ⊂ R3N+1, let jL(t, q) denote the limit of j at
(t, q) coming from the left, and jR(t, q) the limit from the right.
So, the situation of a time foliation with kinks gets translated into a situation with
a jump discontinuity of the current vector field j along the hypersurface K. More
generally, we want to define a random trajectory model (RTM) for a given vector field j
on R3N+1 with the properties
1. that j0 ≥ 0;
2. that j is smooth outside K;
3. that j on the left side of K possesses locally a smooth continuation to a neighbor-
hood of K (which disagrees, of course, with j on the right side of K);4 likewise for
j on the right side of K;
4. that the continuity equation (13) holds outside K;
5. and that ∫
R3N
d3Nx j0(0, x) = 1 (14)
as the initial normalization.
The RTM is then defined to have as possible trajectories the solutions of (12) (or, equiv-
alently, the integral curves of j), and such a probability distribution that the probability
density of X(0) is j0(0, ·).5
4.2 Continuation of Trajectories and Current Condition
The further prescription, needed to define the trajectories globally, specifies what hap-
pens when a trajectory in R3N+1 hits K, and the prescription we want is the obvious
one: Suppose that, at the point (t, q) ∈ K, exactly one trajectory ends coming from
the left (right) and exactly one trajectory begins toward the right (left), then the two
3We are using our assumption here that every Σ ∈ F has only spacelike tangent vectors (and no
lightlike ones); if it had lightlike tangent vectors, say at x ∈ Σ, then nµ(x) would not be defined; if, in
addition, x was a kink of Σ, then one of the limits of nµ on the kink set would not be defined. This
assumption is very mild, as it is generic for Cauchy hypersurfaces not to have any lightlike tangent
vectors (i.e., by a suitable small perturbation, lightlike tangent vectors can be removed). Moreover, in
the case of foliations F determined by dn = 0, we believe it is the case that the tangent vectors of
Σ ∈ F are all spacelike, provided that the initial hypersurface is spacelike and Cauchy.
4Given property 2, property 3 is equivalent to j and all of its derivatives having continuous left
limits on K [8].
5We ignore here the possibility that trajectories may run to spatial infinity in finite time (which
cannot happen for HBDM because there the particles cannot move faster than light), or run into a
node of j.
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trajectories should be connected, so the beginning trajectory is regarded as the contin-
uation of the ending one; see Figure 3. In this way, the total trajectory is continuous,
while the velocity must be expected to have a jump discontinuity when the trajectory
crosses K.
(t,q)
K
Figure 3: The coordinate space R3N+1 with the kink set K (thick lines) and several
Bohmian trajectories (thin lines) that are integral curves of the current vector field j.
At (t, q) ∈ K, an incoming trajectory gets connected to an outgoing trajectory. The
two-dimensional picture shown corresponds to N = 1 and 1 + 1-dimensional space-time.
Several questions arise about the possibility of this prescription: Is it true that, at
every (t, q) ∈ K, exactly one trajectory begins and one ends? And that one lies on the
left and the other on the right side of K? From Property 3 of j it follows by standard
theorems on the existence and uniqueness of solutions of ODEs that every (t, q) ∈ K
with jR(t, q) 6= 0 6= jL(t, q) lies on one trajectory on the left side of K and one on the
right. Each of these trajectories either begins or ends at (t, q). If one ends and one
begins, the above prescription works. Can it happen that both end, or both begin? Let
us postpone this question for a moment and turn to the question of equivariance: Is,
for any piece P ⊂ K, the flux coming out of P on one side equal to the flux going in on
the other side, as it should? That is, is the “amount” of j0 (of probability, if you wish)
coming out equal to the amount going in? Or is some amount lost or gained at P , as it
should not?
The condition for conservation of probability at K is that at almost every point
(t, q) ∈ K, the density of incoming flux equals the density of outgoing flux; equivalently,
that the component of the current across K on one side equals the one on the other
side. That is, the component across K of jL(t, q) equals that of jR(t, q). To compute this
component, introduce an arbitrary (Euclidean or Lorentzian) scalar product on R3N+1;
let nK(t, q) be a (left-pointing or right-pointing) vector that is normal (with respect to
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the scalar product) on K at (t, q); then nK(t, q) · j(t, q) (using the same scalar product)
is, up to a factor, the component across K of the current vector field j. Thus, the
condition can be expressed as
nK(t, q) · jL(t, q) = nK(t, q) · jR(t, q) at almost all (t, q) ∈ K . (15)
“Almost all” means that exceptions are allowed as long as they form a set of measure
zero in the 3N dimensions of K. Note that changing the sign of nK(t, q) does not change
the content of the condition, and that changing nK(t, q) by a factor does not either.
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Equation (15) is the precise version of (3); the reason why a minus sign appears in (3)
but not in (15) is that if nK(t, q) points to the right side of K then nK(t, q) · jL(t, q) is
the current (density at (t, q)) into K from the left side and nK(t, q) ·jR(t, q) is minus the
current (density at (t, q)) into K from the right side (and both signs change if nK(t, q)
points to the left).
Let us return to the question whether the continuation of a trajectory across K is
possible, that is, whether of the two trajectories reaching (t, q) ∈ K, one begins and
one ends. If the equation (15) is satisfied at (t, q), and if both sides of the equation
are nonzero, then one trajectory begins and one ends at (t, q). Actually, for this it is
sufficient that both sides of (15) have the same sign. Specifically, if nK(t, q) points to
the left side and if both sides of the equation are positive, then one trajectory lying to
the left of K begins at (t, q) and one trajectory lying to the right of K ends at (t, q); see
Figure 3; if both sides of the equation are negative, then left and right are interchanged.
If both sides of the equation (15) are zero at (t, q) then nothing can be concluded
about whether one trajectory begins and one ends there. However, the trajectories
ending or beginning at such a (t, q) form a set of probability 0.
To sum up so far, if (15) is satisfied, then almost every trajectory in R3N+1 can be
unambiguously extended across K, and probability is conserved in the sense that the
distribution of the trajectories at coordinate time t agrees with j0(t, ·)—that is, for the
HBDM, with the |ψ|2 distribution on ΣN .
Before we turn to the proof that (15) is always true in the HBDM, we note that
Properties 1–5 above are satisfied for the current field j defined by the HBDM around
(11): 1 by (11); 2 whenever ψ is smooth (because Σ ∈ F is smooth apart from its
kinks); 3 whenever ψ is smooth (because the normal field nµ on one side of K(F ) can
6Readers may be surprised that the content of condition (15) does not depend on the choice of
scalar product. The deeper reason for that is that a current vector field j can be translated into
a 3N -form J by contracting j with the 3N + 1-dimensional Levi-Civita symbol ε
(3N+1)
A1...A3N+1
(with
indices Ai = 0, . . . , 3N); this procedure is similar to, though not exactly the same as, the Hodge star
operator (the latter applies to forms, not to vector fields). The Levi-Civita symbol can be regarded as a
differential form of degree 3N + 1 (volume form); any scalar product and orientation on a vector space
define a volume form, which differs from ε(3N+1) only by a scalar factor; this factor, as we just said,
cancels out of (15). A key property of J is that the flux across any piece P of oriented 3N -surface in
R3N+1 is given by
∫
P
J , a quantity that is independent of any choice of scalar product; that is, for any
scalar product whose volume form is λε(3N+1), where λ ∈ R\{0}, we have that ∫
P
J = λ−1
∫
P
dAnP ·j
with dA the 3N -dimensional area defined by the scalar product and nP the unit normal on P (properly
oriented). Thus, the quantity λ−1dAnP · j is actually independent of the choice of scalar product.
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be continued smoothly on the other side of K(F ) provided that, as assumed, the time
leaves never become lightlike); 4 by (13); and 5 by assumption.
4.3 Proof of the Current Condition for the HBDM
To prove (15), we use differential forms. In 4N -dimensional MN (N > 1), let ε be the
volume form defined by the metric onM ; that is, ε = ε˜∧· · ·∧ ε˜ with N factors, where ε˜
is the volume form onM defined by the metric (i.e., ε˜0123 = 1 in every properly oriented
Lorentz frame). Define a 3N -form J on MN by
J∆1...∆3N =
(
ψ
[
γµ1 ⊗ · · · ⊗ γµN ]ψ) ε1µ1,∆1,∆2,∆3,2µ2,...,NµN ,∆3N−2,∆3N−1,∆3N (16)
with ∆i = 1, . . . , 4N , or, equivalently,
J∆1...∆3N = (−1)N(N−1)/2
(
ψ
[
γµ1 ⊗ · · · ⊗ γµN ]ψ) ε1µ1,2µ2,...,NµN ,∆1,...,∆3N . (17)
Note that J does not depend on F and is smooth if ψ is.
Now, as shown in [10, Sec. 4.6], in the HBDM with a smooth time foliation F ,
the probability flux across any piece P of oriented 3N -surface in C (i.e., the expected
number of signed crossings of the random trajectory through P ) is given by
∫
P
J .7 For
a time foliation F with kinks this fact implies that every point in C \ K(C ) has a
neighborhood U in which the current is given by J , i.e., in which the flux across any
piece P of oriented 3N -surface is given by
∫
P
J . That is, the current form is given by
J at any point in C \K(C ). The current form J on C \K(C ) is related to the current
vector field j on R3N+1 \K according to
(ϕ∗J)A1...A3N = j
A0 ε
(3N+1)
A0,A1...A3N
, (18)
where ϕ∗J denotes the coordinate expression for J in the coordinate system ϕ, Ai =
0, . . . , 3N , and ε(3N+1) is the Levi-Civita symbol in 3N + 1 dimensions (i.e., the volume
form in coordinate space).
Now consider, for a piece P of 3N -surface belonging to K(C ), the flux across P from
the right, i.e., the signed “number” of trajectories crossing P from the right, which is the
“number” of trajectories on the right of P ending in P minus the “number” starting in
P , see Figure 4. We show that the flux across P from the right is given by
∫
P
J . Since
the same argument applies to the flux from the left, it will then follow that the flux
density on the right equals almost everywhere the flux density on the left, so that (15)
is satisfied. The basic reason is that it does not play a role that P lies on the boundary
of the “right half” of C because the right half of C can be extended smoothly.
In more detail, consider a point ξ = (x1 . . . xN) ∈ K(C ) and a “half-neighborhood”
U of it in C on the right side of K(C ) (that is a piece of 3N + 1-dimensional manifold-
with-boundary, with ξ lying on the boundary). According to (4) and (5), U is the
7The 3N -form J just defined is more or less the same as the 3N -form J considered in Footnote 6.
The differences are (i) that J was defined in coordinate space, not on C ⊂MN , and (ii) that J was
defined only in 3N + 1 dimensions, not in 4N dimensions. In fact, J = ϕ∗(J |C ).
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P1
P2
Figure 4: Coordinate representation of the submanifold-with-kinks C with the kink set
K(C ,F ) (thick line) and several Bohmian trajectories (thin lines) on the right side of
K(C ,F ). P ⊂ K(C ,F ) is the union of P1 and P2, with P1 the subset of P where
trajectories leave P to the right and P2 the set where trajectories reach P from the
right. The two-dimensional picture shown corresponds to N = 1 and 1 + 1-dimensional
space-time.
union of UΣ = U ∩ΣN , and, by making U smaller, UΣ can be chosen to be a Cartesian
product
UΣ = U˜Σ,1 × · · · × U˜Σ,N (19)
with one U˜Σ,j a piece of 3-dimensional manifold-with-boundary inM (and the boundary
lying in K(Σ)), and all other U˜Σ,k (k 6= j) being smooth pieces of Σ (that are open in
Σ). F could be modified into F ′ in such a way that F ′ is smooth and each U˜Σ,k
(k = 1, . . . , N) is contained in some Σ′ ∈ F ′; in other words, the piece U˜Σ,j can always
be extended smoothly beyond the kink. The signed number of trajectories in C crossing
P ⊂ U ∩K(C ) from the right equals the signed number of trajectories in C ′ crossing
through P , and the latter is given by
∫
P
J . This completes the proof.8
8Eq. (18) may easily suggest the following incorrect argument. By continuity, (18) implies that
for any (t, q) ∈ K, jA0L (t, q) ε(3N+1)A0,A1...A3N =
(
ϕ∗J(ϕ−1(t, q))
)
A1...A3N
= jA0R (t, q) ε
(3N+1)
A0,A1...A3N
and thus
jL(t, q) = jR(t, q). If that were correct, then the trajectory would not even have a kink when crossing
K. The mistake lies in the fact that ϕ∗J(ϕ−1(t, q)) is actually not defined, although J(ϕ−1(t, q)) is;
the latter is an element of Λ3N (Tx1M × · · · × TxNM ) with (x1 . . . xN ) = ϕ−1(t, q), but in order to
restrict a 3N -form on 4N -space to a 3N + 1-dimensional subset one needs to know the tangent space
of the subset, and ϕ−1(t, q) lies on the kink set K(C ) where the tangent space is not uniquely defined;
rather, there is a subspace tangent on the right side and a different one that is tangent on the left.
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5 Remarks
1. The extended trajectory (i.e., the concatenation of the trajectory ending at (t, q) ∈
K and the trajectory beginning there) is continuous but usually not differentiable
at the crossing point (t, q) ∈ K: it has a kink there. For the world lines of the
N particles in space-time, this means that whenever one particle crosses K(F )
(i.e., the kink set in space-time M ), say on Σ, the world lines of all other particles
usually have kinks (i.e., jumps of velocity) on Σ. Curiously, the particle crossing
K(F ) does not have a kink in its world line because, as can be seen from (8), its
velocity depends on the nµ vectors at the locations Xk(Σ) of the other particles
but not on nµ at its own location (and the latter is the only one that jumps). This
is connected to the fact that the motion of a single particle does not depend on
F . As a further consequence of this fact (and the form of (8)), a particle not
entangled with other particles does not have kinks in its world line.
2. It is known [4] that, in a universe governed by Bohmian mechanics, world lines
cannot be observed with high accuracy and without changing them. If they could,
these kinks would provide a means of empirically determining the time foliation
F . It is known that F cannot be determined in the HBDM. Moreover, in a
Bohmian universe it is impossible to detect any kink in a world line empirically.
3. Kinks in Bohmian trajectories are also known to occur at particle creation and
annihilation [3]; that is, whenever a particle gets created or annihilated, the config-
uration jumps in the configuration space of a variable number of particles, and all
other entangled particles usually undergo a discontinuous change in their velocity.
4. Slater [9] suggested in 1924 that a photon wave function is mathematically equiv-
alent to a classical Maxwell field Fµν and guides a photon particle according to
the Bohm-like equation of motion
dXµ
ds
∝ T µ0(X(s)) , (20)
where the tensor field T µν corresponds to the stress–energy–momentum tensor in
the classical Maxwell theory. Given a foliation with future unit normal vector field
nµ(x), Eq. (20) can be generalized to
dXµ
ds
∝ T µν(X(s))nν(X(s)) . (21)
(Just as in Slater’s original formulation, the 4-velocity is always timelike or light-
like.) Furthermore, the equation of motion can easily be generalized for N particles
in a way similar to (8).
A problem with Slater’s original theory is that the equivariant density T 00 does not
correspond to the photon number density found in experiments with many photons
in the same quantum state; rather, it corresponds to energy density, which differs
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from the photon number density by a factor of ~ω whenever ω is sharply defined.
Another problem, which arises in the general case of the law (21) (unless nµ is a
Killing vector field), is that the density T µνnµnν will not be equivariant from one
time leaf to another, since jµ = T µνnν has nonzero 4-divergence (unless n
µ is a
Killing vector field).
The generalized law (21) is also incompatible with kinks in F . This is connected
to the fact that the motion depends on F already in the case of a single particle,
as is evident from (21). Relatedly, for N = 1 the 3N -form J on MN depends on
F (unlike for the HBDM), as Jλµν = T ρσ nσ ε˜ρλµν . This implies that our proof
for the current condition (15) that was used for the HBDM does not carry over
to this case. As a consequence, we do not have equivariance of the corresponding
distribution. But of course we did not even have equivariance in the case the
foliation did not have kinks (unless nµ is a Killing vector field). What about the
trajectories? Can they be continued across the kink surface? Recall that the
current condition is sufficient for this, but not necessary. In order to be able to
continue trajectories across the kink surface it is sufficient that nK · jL and nK · jR
have the same sign (they need not be equal). It is easy to see that this is not
necessarily true in the case of the generalized law (21). Namely, if jµL 6= jµR at a
space-time point x, then one can always find a surface such that the normal nK
to that surface at x is such that nK · jL and nK · jR have opposite signs. If this
surface happens to be the kink surface then the trajectories cannot be continued.
In the case of the law dn = 0, we expect this problem to occur generically.
5. We have used, as usual in the HBDM, that the wave function ψ is a multi-time
wave function, i.e., that it is defined on MN or, for a variable number of particles,
on
⋃∞
n=0M
n, or on the set of spacelike configurations
SN =
{
(x1, . . . , xN) ∈MN : ∀j 6= k : xj ∼ xk or xj = xk
}
, (22)
where x ∼ y means that x is spacelike separated from y, or on ⋃∞n=0Sn. We have
also used the divergence-freeness (10), but it played no role that there was no
interaction between the particles. In fact, multi-time wave functions with interac-
tion can be defined on
⋃∞
n=0Sn [7], with the interaction implemented through the
creation and annihilation of particles, and they still satisfy (10) except for addi-
tional terms in the probability balance equation that correspond to the creation
and annihilation of particles, terms that do not interfere with our analysis. As a
consequence, in the case with interaction, the analysis presented in this paper still
applies, and the HBDM still works with kinks.
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